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Abstract

The proof of Collatz's Conjecture is divided into three parts. In the first part, it is
proved for the set of numbers {1, 5, 21, 85,...}. In the second part it is proved for odd
numbers of the form (4k+1).In the third part it is shown how numbers of the form
(4k+3) iterate into the numbers of the form (4k+1). Thus, the conjecture is proved for
all odd 'n"As even numbers iterate into odd numbers, the conjecture is proved for all
positive integers.
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Introduction
Consider the following equation for a positve integer'n’:

n
f(n,1) = 3 ifniseven & = (3n+1)if nisodd.

Let, f(nr)=f[f(n,r—1),1] for, r=2.
Now consider the set,

A(n) = {f(n; 1):_ - ,f(n.r),— - _}
Consider an imaginary set.
B(n) = {f(n,1),—, f(n,7),— ——,1,4,2,1,4,2,1,— -}

According to Collatz's Conjecture both the sets are
identical.Thatis  A(n) = B(n).
Therefore, A(n) = B(n) means Collatz's Comjecture is
true for'n'.It is obvious that, the conjecture has to be
proved only for odd values of 'n’, because,if 'n'is even,
it will iterate in to an odd value and ultimately ending
in the odd number'1’.
PART 1 : — An analysis of humbers 1,5.21,85, etc

Consider the number, n=[4"144"24+ — ——+1]
fmD)=@A-DA4" 1+ ———+1]+1= 4"
Therefore, f(n,2r + 1) = 1. Hence A(n) = B(n).
Thus,a set S; ={1,5,21,85,341,— — —} is generated.

S, ={s;:s, = (4 _1), r=>1}

This set is the'’ PRIMARY SET', because every oiher
number iterates in to a member of this set greater
than'1’' before iterating into'1’.
PART 2 : —An Analysis O n=(4k+1
As only odd value is to be analysed it can be divided
in to two parts,that is,n = (4k +1) &n = (4k + 3).An
analysis of ,n = (4k + 3),is dealt in Part 3. But Part 2
& Part 3 are interconnected.

Be-Ecofriendly Save Trees Save Life



Pandian Journal of Mathematical Sciences
A Peer Reviewed Journal

Volume 5, Issue 1, July 2026 E-ISSN: 2583-8822

Consider n = (4k + 1),
f(n,1) = fl(4k + 1),1]
=12k + 4
fn,3)= 3k+1

If'k'is odd, then f(k,1) = 3k+1.
Orif 'n'is an odd number & A(n) = B(n)

Then. A(4n+1)=B(4n+1).

Obviously the converse is also true.That is,If 'n’is odd &

A(4n+1) =B(4n+ 1) then, A(n) = B(n).
This is an important result. It also derives the Primary
set,S; ={1,1x4+1,5x4+1,21x4+1,— -}

S, ={1.5,21,85, — — — }.Similarly

S;=1{3,13,53,————}

S; ={7.29.117,— — ——} Or in general,
Sons1 ={2n+1,8n+5,32n+ 21, — — -}

These sets are important in the understanding of the
problem.In these sets, except the first member.all the
other members are,obviously,of the 4k + 1 form.
Consider the following numbers iterations ; —
3-5-1,9-7-511->17->13->5->1.

Now,numbers greater than 9 will be considered.
fldk + 1,11 =12k + 4; fl[4k+13]=3k+1
Letn = 4k + 1& A(n) = B(n); m = 1(mod3) & if,

m <n, A(m) = B(m).Consider M =4[k +r] + 1,

If A[3(k+7r)+1}=B[3(k+7r)+ 1], A(M) = B(M)
Hence3(k+r)+1 <4k +1; ie,3k + 3r < 4k.
Hence,if 3r < k,then A(M) = B(M).

On that basis, The following table has been prepared.

Table: 1
1 2 3 4 5
n k m r M
13 3 7,10,13 1 17 7 (part 3)
17 4 16 1 21
21 5 19 1 25 19 (part 3)
25 6 22,25 1,2 29
---------------------------------------------- 33
29 7 28 1,2 37
33 8 31 1,2 41 31 (part3)
37 9 34,37 1,2,3 45
----------------------------------------------------- 49
41 10 40 1,2,3 53 (13x4+1)
45 11 43 1,2,3 57 43 (part 3)
49 12 46,49 1,2,3,4 61 23 (part3)
------------------------------------------------- 65
53 13 52 4 69
57 14 55 4 73 55 (part 3)
61 15 58, 61 4,5 77
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---------------------------------------- 81
65 16 64 5 85
It can be seen from the above table that by PMI,
it is clearly proved that if, n = 4k + 1 then,
A(n) = B(n).
This generates the set K = { k:k € N } & The set
CR»)={n:n= 2’k +1&k€EN}
Though, the set, K itself, PROVES COLLATZ'S
CONJECTURE, the proof is complete only with PART 3.
PART 3 : —A i =4
A(4k + 1) = B(4k + 1) has been proved. In this Part 3,
[t will be proved, how n = (4k + 3), iterates to (4k + 1).
Let, n = (4k + 3); k,can be odd or even. So,
let, k =2k or 2k; + 1,
Therefor, ng = (8ks + 3) or ny; = (8k; + 7).
(3—=-3)n, = (8ky +3)
f(ng, 1) = f(2%k; + 2% = 1,1),
=3.2%k; + (22+22)—-3+1
f(ns,2) =3.2%k; +22+2-1=4@k; + 1) + 1
Therefor, A(nz) = B(ns).
Thus the following set is generatrd.
C(23) ={3,11,19,— — =} = {n3:n; = (23k + 3),k € N}
ng, = 8 k3 + 7 & kz can be odd or even.Therefor let,
ny =2%%,+7, & ng =2%,+15.
B—MDn, =2, +2%-1
fng,1) =3.2%,+2*+23)-3+1
f(n,,2) =2*Bk,+ 1)+ 3. [8k+3 form]
fng,4) = 22(3%k, +3+ 1)+ 1
Therefor, A(n,) = B(ny,).
Thus the following set is genrrated
C(2*) =1{7,23,39,——}={n,:n, = %, +7),k € N}
In,ny4, k4 can be odd or even.Therefore let,
ns = 2°ks + 15 & ngy = 2%kg; + 31
(3_5) Ng =25k:+24—1
f(ns,6) =4(33%s +32+3+1)+1
Letn, = 2"k, +2""1 -1 & n =2"k, +2" -1
B-—rIn.=2"k . +2"1—1

fn,2r—4)=43"2k, +3" 343"+ —— +1)+1
Thus, the following set is generated.
cNH={@"1-1),—-——,[@" 1 =1)+k2"],——}

C2)={n, :n,=Qk+2""1-1),keN}
PART 4 : — The Conclusion
All these sets put together constitutes the master

set C(2),
CRQ)={CHUCRHU-—--UC2")——:r—>00}
The set,C(2) ={1,3,5,7———1}

C2)={ny,: n,=2k+1).keN}
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And A(n,) = B(n,).
The above set represents all odd numbers and as all
even numbers iterate to an odd number, for all
Positive integers,
A(n) = B(n)
Thus, COLLATZ'S CONJECTURE ,is proved for all positive integers'n’.
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2.A SHORT ESSAY ON OPPERMANN'SCONJECTURE AND ITS
IMPACTON GOLDBACH'S HYPOTHESIS

[ am an amateur mathematician. While browsing the Internet, I came across the
Conjecture of Oppermann with respect to Prime numbers. As per his conjecture
“There is at least one Prime between [n? — n,n?]&

There is at least one Prime between [n?,n? + n]"

I looked in to Wikipedia. As per Wikipedia, the Oppermann’s Conjecture is more
powerful than the Conjectures of Legendre, Brocard and Andrica. As per Legendre’s
conjecture there is at least one Prime in the interval [n?, (n + 1)?]. As per Oppermann’s
Conjecture  there are at least two Primes. As per Brocard’s
Conjecture, if p, is the nth Prime & pp4+1) is the (n + 1)th Prime, there are at least
four Primes in the interval [p2,p2.,]. This obviously is true even for twin Primes, if
Opperman’s Conjecture is true.

As per Andrica's Conjecture, A Pns1 —+/Pn < 1.
Now let me restate Oppermann’s conjecture in a different way.
For every positive integer, m > 1, There is at least 1 Prime in the interval[mz,m2 +
m] And For every positive integer, m > 1 There is at least 1 Prime in the interval,
[m? + m, (m + 1)?]. Please note (m + 1)> — (m+ 1) = (m? + m) & and as such both
the statements are one and the same.
Letp,= m?+a& ppe; = (m+1)?2—b,and
a=1&b=2ifmisevenanda=2&b =1, ifmis odd.

JPre1 = fPn = [(m +1)2 = bJz — [m? + a]¥/2

1
< [(m+ 1Y —[m?z2=1.
Therefore, Andrica’s and Opperman’s conjectures are are one and the same.

[ decided to find out the distribution of primes from m = 1 onwards, in both the
intervals namely, the first interval [m?, m? + m] and the second interval [m? + m,
(m + 1)2]. I went up to 100 and that seem to be more than sufficient to form a
conclusion. Giving all the 100 is difficult and so I am shortening as follows.

A1l = (sum of Primes in the first interval from

m-4 tom)/5
A2 = (sum of primes in the second interval from
m-4 tom)/5
A = [sum of primes less than (m + 1)? ]/2m
m Al A2 A Vm Im

5 1.00 1.00 1.00 224 1.61
10 2.20 1.60 145 3.16 230
15 2.60 220 177 387 271
20 2.60 3.60 210 4.47 3.00
25 3.60 380 242 500 3.22
30 4.00 360 2.65 548 340
35 4.80 400 290 592 356
40 5.20 480 3.16 6.32 3.69
45 5.20 580 342 6.71 381
50 6.60 540 3.68 7.07 391
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55 6.80 640 395 742 4.00
60 7.20 780 424 775 4.09
65 8.20 6.60 4.48 8.06 4.17
70 9.00 7.20 4.74 837 4.25
75 8.60 780 497 866 4.32
80 8.40 9.60 523 894 438
85 9.00 9.40 546 9.22 444
90 8.60 11.20 5.71 949 4.50
95 10.00 1080 595 9.75 4.5
100 1180 10.20 6.21 10.00 4.61

It is obvious from the above table that as m increases, the number of Primes in
each interval not only increases, but it also increases faster than Vm. The average A also
increases faster than [,m. | googled for m = 1000. Number of Primes less than 1002001
is 78650. Number of Primes in the first Interval is 75 and second interval is 77.
Therefore A for m = 1000 is, [78650 = 2000] = 39.325, and vm = 31.62. Even A is
increasing faster than vm. Now consider three parabolic equations: (!) = x2;(2) y =
x?2+x;(3)y = (x+1)%. Let the Straight lines y = m, where m is a positive integer
Intersect these parabolas at A(m), B(m), & C(m) reply. All the integers lie on these lines.
A(m) = (m,m?); B(m) = (m,m? + m) ; And C(m) = [m, (m + 1)?] . Every Integer lie on
the lines AB & BC. Hence all the Primes lie on the lines AB & BC. If, X(m) and Y(m)
represent the number of Primes on lines AB & BC, there is nothing surprising that as
m — ,X(m) - o & Y(m) - oo. Both of them tend to infinity much faster than vm. In

m
addition We oo faster than m, because,the Primes are also infinite.

Thus, all these statements can be considered as GREAT UNDERSTATEMENTS.
| h's H i
As per Goldbach’s Hypothesis “every even number Greater than 4, can be
expressed as a sum of two odd_Primes “. The hypothesis can be proved wrong by giving
a counter example. It is possible to give a counter example, if and only if a prime, say the
nth prime 'p,," exists, such that the (n + 1)th prime p(,41) > 2p,._Let the number of

primes between p,, &{ Pn + 1}2 be U(n) and number of primes between p,, & 2p,,

2 1
be V(n)- [an _pn] - [{\/pn + 1} _pn] = DPn—~ [2 Pn + 1] = E Pn- So as
n — oo, not only U(n) & V(n) - o, but also [%] — 00,

Therefore finding a counter example is impossible. I read, a long time ago,
somewhere, probably in one,two,three — to infinity of George Gamov, that “it has
been proved that all theorems cannot be proved “. The Author, further stated in that
book that If someone proves that Fermat’s Last Theorem was not provable, then that
itself constitutes a proof of the theorem because, if it is untrue, then that can be proved
by a counter example. Now as it is not possible to disprove Goldbach’s Hypothesis, does
it constitute a proof of the Hypothesis?
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3.If f(a) =1 —aP — (1 — a)? = 0 (mod p3),then
f(a,) = 0 (mod p*"*1) and
3P~1isnot =1 (mod p?),if p = 1(mod 6)

(1)Introduction
Let =— =a, & == =1—a = b. Then,an analysis of
x+y x+y
(x +y)? —xP — y? = 0(mod p?) can be analysed by analysing
the equation 1—a? —(1-a)’ =0 (modp3®)———-(1)
That is, 1—aP —b? =0 (modp3) — — — (1)

It has been proved that 2P~ — 1 is not divisible by p?
for any prime 'p" Hence '2' is not a solution to eqn (1).
f(@) =1—aP —bP = pY P,.(ab)® V. (1 — ab)P~65+3)/2

2 p—2s5+1
Where £, = p-2s+1" 2 Cos-1y ————————— (2)

2) If 1 —ab) = 0 (mod p) then f(a,) = 0(mod p@®+V
Let a = a,(modp) & af_l = 1(mod p) & not = 1(modp?)
Then, a, is defined as, a, =(@a_1)?» ——-—(3)

Therefore, a?* = 1(mod p") & not = 1 (mod p"*?)
l—ab=1—a+a* =1-b+b? =0(modp) &therefore
1—ab,=1—a,+a?=1—-b,+b%2=0(modp") ——— (4)
From (4), f(a,) =0(modp™) ———(5)

1—a+ a? = 0 (mod p) has no solution if p = 5 (mod 6)

So,p = 1 (mod 6).Hence, In eqn (2) every term on the RHS
are divisible by p(1 — a,b,)? & so f(a,) = 0 (mod p?"*1)

It can also be proved in a dif ferent way.

From (5), f(azr+1) = 0(mod p?™*1) & so

flazri1) = f(@) + [agris — a1 p [B27H — a2 7] +

1
Y] [azr+1 — ar]z p(p —

1-brp—2—arp—2+ ——— &S0,

flagen ) =f(a)=0(modp?™*t) —————— — (6)

(3)f(a,) = 0 (mod p*™1)

f(@) =p X P(ab)* 1.(1 —ab)P=6+3/2 — — —(2)

L f(a) = ab (1 —ab)®3/2. TP [ﬂr—l

p.fa =ab (1 —ab) N e

_ __\(p-3)/2 _ [ _a?p?

Let B = ab(1— ab)®=3/2 | K = [(1_ab)3]

o(k) = Y P, K™D Then

f@=BoK) ————(7)

Ineqn(7), ab isnot =1 (modp),a #2,—1or 271
Therefore B, K,Z—i,z—: are not divisible by "p" .
Hence @(k,) = 0(ky) = 0(k3) = 0(mod p?) —— —(8)
PPt — Pt = p(Ky) % + B, (Z)’(Kl)% ,Therefore
@'(K,) = 0(mod p) & not = 0(mod p?) —— —(9)
Hence,[ 9(K,) + @' (K;)] =0 (modp) ———(10)
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oK) = = % ,Therefore

dK1 pP~1_gP™? 1 d31

0'(Ky) — _13—1——f( a1) oz ,& S0,

. aK, ] _ 1f@a) | bp "-al™ fay) aB,
@(KDT[@(KJ ]—;B—IT{ T d—al}

N dKy p-1 _ _p-1\ _ fai)dB;
o) + [0/ (K) S ] = fla) = {p(p} ™" —af™) - Ee2 |

O(K1) f(a,) dB
P (Pt —at™ - B8 = f(a)

?(K1) p-1 _ _p-1\ _ (K1) fla)dBy
®/(K1)dK1 p(bl a, ) = f(ay) + ke )dK1 B, da, (12)
LHS of eqn (12) = 0 (mod p?) and
not = 0 (modp*).Hence,as f(a;) = 0 (modp?)

RHS of eqn (12) = 0 (mod p®) & not = 0 (mod p*)
The second term of RHS of eqn(12) = 0 (mod p*) — — — (13)

_PK) pP~ 1 _ _90(Kp) flapz)dB,
@I(KZ)dKZ ( ) f(ay) + pr )dKZ 5, da, (14)
LHS of eqn (14) =0 (modp“)

Therefore, f(a,) =0 (mod p*) —— — (15)

Therefore, from eqns (12),(13),(14), (15)
f(a3) = 0 (mod p®) and so
f(az) = f(a3) = 0 (mod p°) — — ——(16)
From eqn (16), by PMI f(a,) = 0 (mod p?™*1) — — — —(17)

()If, p=1(mod6), 3P lisnot =1 (modp?)
It is assumed that for a prime, "p"
p=1(mod6) & 377! =1(mod p3).— — —(18)
If p = 1(mod 6 ), Then solution exists for the equqtion

1+ a+a? =0 (modp)

So let, 1+a,+a?=0(modp") ————(19)
l+a;+ai=1+1—-by)+ (1 —0b3})=3(1—by)+b?
Hence, b? = —3(1 — b;) = —3a, (mod p)
Therefore, b>? = —3Pa? = —3a, = b3 = 0 (mod p?)
Hence, b1 _bz_ 1—a2_ 1—a1 (mod p?)
So, (1 —a;,)? = (1—al) (mod p?)

ie,f(a;) =1—a? — (1 - ay)? = 0(mod p?) — — — (20)
Similarly, f(ay) = 0(mod p3) — — — —(21)

So, f(a) = 0 (mod p?)

& hence  f(a,) =0 (mod p?"*1) — — — (22)

b = —3as (mod p3) & So, b2? = —37a? (mod p*)

That is, b? = —3Pa, (modp*)

That is, — 3a, = —3Pa,(mod p*)
Therefore, 3?71 =1 (mod p*)

Hence by PMI,3P~1 = 1 (mod p") for all values of r — (23)
Eqn (23) is possible if and only if p = 1.Therefore
3P~ isnot =1 (modp?) if p = 1(mod 6)
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